We theoretically establish mutual relations among magnetic momentum, heat, and fluctuations of propagating magnons in a ferromagnetic insulating junction in terms of noise and the bosonic Wiedemann-Franz (WF) law. Using the Schwinger-Keldysh formalism, we calculate all transport coefficients of a noise spectrum for both magnonic spin and heat currents, and establish Onsager relations between the thermomagnetic currents and the zero-frequency noise. Making use of the magnonic WF law and the Seebeck coefficient in the low-temperature limit, we theoretically discover universal relations, i.e. being independent of material parameters, for both the nonequilibrium and equilibrium noise, and show that each noise is described solely in terms of thermal conductance. Finally, we introduce a magnonic spin-analog of the Fano factor, noise-to-current ratio, and demonstrate that the magnonic spin-Fano factor reduces to a universal value in the low-temperature limit and it remains valid even beyond a linear response regime.
Introduction.− Nonequilibrium noise under a high voltage bias, shot noise [1, 2] , arises from a nonequilibrium fluctuation of the electric current in mesoscopic systems, and provides abundant information about electron transport [3] [4] [5] [6] [7] [8] [9] . Being the result of charge quantization, the shot noise allows to characterize the transport properties of individual electrons (e.g., the Fano factor), and serves as a sensitive tool to probe an effective charge [10] [11] [12] [13] [14] [15] .
Despite the fact that most studies focus on electric conductors or semiconductors (e.g., quantum dot), these fundamental concepts also extend to spin degrees of freedom, namely, the noise of spin currents [16] [17] [18] [19] [20] . Making use of the inverse spin Hall effect (ISHE) [21] [22] [23] to convert spin currents into electric currents in a bilayer system formed by a normal metal and a ferromagnetic insulator (FI), Ref. [16] reported measurements of a spin current noise as the ISHE-induced voltage noise. However, the Onsager relations, being one of the key ingredients in the fluctuation-dissipation theorem [24] [25] [26] [27] , between the spin current and the noise have not yet been explored; while the last decade has seen remarkable development of spin caloritronics [28] (e.g., the observation of spin Seebeck [29] and Peltier [30] effects) and the understanding of the conversion mechanism between spin and heat transport has been well-developed, the mutual relations among spin, heat, and fluctuations remain an open issue.
In this paper, we provide a solution to this fundamental challenge in terms of the Wiedemann-Franz (WF) law [31] for magnon transport [32] [33] [34] [35] , which characterizes the universal thermomagnetic properties of the magnonic spin and heat currents; establishing the Onsager relations between the magnonic currents [36, 37] and the noise, we develop the law further into the one for a noise spectrum, namely, the WF law for the magnonic noise. We thus theoretically explore universal relations for both the nonequilibrium and equilibrium noise, and demonstrate that a magnonic spin-analog of the Fano factor reduces to a universal value even beyond a linear response regime. For this purpose, FIs are the best platform [38, 39] since, in complete absence of any conducting elements, they host magnons which are chargeless bosonic quasiparticles with a magnetic dipole moment gµ B e z that serve as information carriers in Bohr magneton units µ B . Thereby we can extract the intrinsic properties of chargeless spin and heat transport with fluctuations.
System.− We consider a magnetic junction formed by two FIs aligned along the x-direction, see Fig. 1 . Assuming cubic lattices, the left FI is identical to the right one and each of the three-dimensional FIs can be described by a Heisenberg spin Hamiltonian in the presence of a Zeeman term. Applying a strong magnetic field B L(R) to the left (right) FI, we assume ferromag-netic order along the external magnetic field, defining the z-direction, and that the resulting Zeeman energy gµ B B L(R) is the leading contribution to the Zeeman term. The temperature of the left (right) FI is T L(R) . A finite overlap of the wave functions of the boundary spins S ΓL and S ΓR in the left and right FI, respectively, results in an exchange interaction, weakly coupling the two FIs, which may be described by the Hamiltonian H ex = −J ex ΓLΓR S ΓL · S ΓR , where we assume that the exchange interaction J ex > 0 between the two FIs is weak compared with the one between the nearest neighbor spins in each FI. Considering large spins of length S ≫ 1 and thereby performing a Holstein-Primakoff expansion [40] to leading order, the Hamiltonian reduces to
where the bosonic operator a † L/R (a L/R ) creates (annihilates) a boundary magnon at the left/right FI with the momen-
, respectively, and where k ⊥ = (0, k y , k z ). Throughout this paper, we focus on sufficiently low temperatures where effects of magnon-magnon and magnon-phonon interactions become negligibly small [41, 42] .
Magnonic noise.− The tunneling Hamiltonian H ex gives the time-evolution of both the magnon number operator and the energy operator for each FI, and generates those magnonic currents across the junction interface. The Heisenberg equation of motion provides the magnonic spin and heat current operatorsÎ m (t) andÎ Q (t), respectively, which flow across the junction interface from the right FI to the left one [43] ;
denotes the time-derivative which works on the magnon operators solely for the left FI.
Introducing spin and heat current-current correlation functions as the statistical average
ex ), respectively, we assume the steady state in terms of time [43, 44] S m(Q) (t, t ′ ) = S m(Q) (δt) and δt ≡ t − t ′ . Defining a noise spectrum for each magnonic current S m(Q) (Ω) ≡ d(δt)e iΩδt S m(Q) (δt) and taking the dc-limit S m(Q) (Ω = 0) ≡ S m(Q) , the magnonic spin and heat noise S m and S Q , respectively, are introduced.
A straightforward perturbative calculation based on the Schwinger-Keldysh formalism [44] [45] [46] [47] [48] [49] gives the statistical average of those magnonic currents Î m(Q) ≡ I m(Q) and the zero-frequency noise S m(Q) up to O(J 2 ex ) [50] ;
where
l e β ω /(e β ω − 1) 2 for l ∈ Z, and the difference of the Bose-distribution functions between the left FI and the right one 
where (see supplemental material for S 11 and S 21 )
and
Note that throughout this paper we focus on low temperatures in the presence of the applied strong magnetic field 0 = k B T ≪ gµ B B where effects of magnon-magnon (-phonon) interactions and the resulting effective magnetic field become negligibly small [41, 42] , and thereby we assume phenomenologically a temperature-independent lifetime of magnons in G r (i.e., ∂G/∂T = 0) [68] mainly due to nonmagnetic impurity scatterings. From Eq. (3b) the coefficients L ij for the currents are seen to satisfy the Onsager relations L 21 = T L 12 . We remark that in contrast to the current, the noise consists of two parts [Eq. (2) 
The ratios exhibit a universal behavior, i.e. they are completely independent of any material parameters (e.g. g-factor, spin length, and exchange interaction, etc.) and are solely determined by temperature. In the lowtemperature limit 0 = k B T ≪ gµ B B, due to the Zeeman energy gµ B B the ratio of the coefficient for the thermallyinduced nonequilibrium spin noise S 12 to that for the spin current L 12 reduces to
and becomes independent of any material parameters except the g-factor being material specific. Thus, the Onsager coefficients L ij for the magnonic currents are described by the noise language;
Note that being independent of microscopic details of the FIs (e.g. the energy dispersion of magnons), those thermomagnetic relations [Eq. (6) ] between the magnonic currents and the noise hold. Noise and WF law.− In analogy to charge transport in metals [56, 57] , the coefficient L 11 is identified with the magnonic spin conductance G ≡ L 11 [58] and the thermal conductance [32] [33] [34] [35] . In the low-temperature limit 0 = k B T ≪ gµ B B, the magnonic WF law for the junction holds [32] 
2 T . From the WF law and Eq. (6) we obtain
Thus the magnonic WF law for the ferromagnetic insulating junction, characterizing the universal thermomagnetic properties of the magnonic spin and heat currents, is explained by the noise language. Eq. (7) is seen to describe the universal relations between the thermal noise S 0 m(Q) and the nonequilibrium spin noise S 12 , and we refer to Eq. (7) as the WF law for the magnonic thermal noise. From Eqs. (7) and (5) we obtain 
where the ratio becomes independent of any material parameters except the g-factor being material specific. From Eqs. (8) and (7) we obtain
Thus the ratio between each thermal noise S 0 Q /S 0 m exhibits a universal behavior at low temperatures, i.e. it is completely independent of any material parameters (e.g. g-factor, spin length, and exchange interaction, etc.) and is solely determined by the applied magnetic field. From Eqs. (8) and (9), each thermal noise S 0 m(Q) is seen to be characterized by the nonequilibrium spin noise
Thus making use of both the magnonic WF law and the Seebeck coefficient [Eqs. (7) and (8)], all the Onsager coefficients L ij for the magnonic spin and heat currents can be described solely by each noise [Eq. (6) 
Noise and thermal conductance.− Making use of those thermomagnetic relations for the magnonic currents (i.e. the WF law, the Seebeck coefficient, and the Onsager relations) [32] , each coefficient L ij is rewritten solely in terms of the thermal conductance K at low temperatures
and see that in contrast to the fermionic counterpart (i.e. the WF law for charge transport in metals [31] ), the ratio does not exhibit a T -linear behavior. This illustrates the significance of the off-diagonal contribu-
2 T . Those off-diagonal elements account for the counter-current due to the resulting magnetization difference from the applied temperature difference [70] , and by taking the contribution into account appropriately [32] [33] [34] [35] , the linear-in-T behavior of the WF law holds in the same way for magnons despite the fundamental difference of the quantum-statistical properties between bosons and fermions. Finally, from Eq. (6) and L ij (K) we obtain
Thus each noise is described in terms of the thermal conductance K being measurable with current device and measurement techniques. Magnonic shot noise.− When 2F 0 (ω) ≪ coth(β ω/2) | ∆n(ω) | in Eqs. (1b) and (1d), the thermal noise S 0 m(Q) is seen to be negligibly small and the nonequilibrium terms S ij become the leading components of the noise S m(Q) [Eq. (2)]. Thereby in analogy to the shot noise for electron transport [1, 2] , we refer to the nonequilibrium part described by S ij as the magnonic shot noise. In the low-temperature limit (i.e. 0 = k B T ≪ gµ B B) of the magnonic shot noise regime, the nonequilibrium components S 11 and S 21 become [50]
and the ratios reduce to the value being independent of any material parameters except the g-factor which is material specific. Using Eqs. (12) and (5), the magnonic WF law for the currents L ij is explained solely by the nonequilibrium components S ij in the magnonic shot noise regime;
This describes the universal relations among the nonequilibrium spin and heat noise S ij , and we refer to Eq. (13) as the WF law for the magnonic shot noise. From Eqs. (12) and (6) we obtain the relations between the nonequilibrium noise S 11 (21) and the thermal noise S 0 m(Q) ;
Finally, from Eq. (11), each nonequilibrium noise S 11 (21) is described by the thermal conductance K;
Note that the WF law for the magnonic shot noise [Eq. (13) with Eq. (14)] reproduces the one for the thermal noise S 0 m(Q) [Eq. (7)]. Magnonic spin-Fano factor.− So far we have considered the magnonic currents and the noise within the linear response regime in respect to ∆B and ∆T [Eq. (2)]. Focusing on a larger temperature difference ∆T (i.e. gµ B | ∆B |≪ k B | ∆T |≪ k B T ), the next leading contribution is assumed to be the response to (∆T ) 2 , i.e. the nonlinear response in respect to ∆T . Expanding Eqs. (1a)-(1d) again in powers of ∆T but up to O (∆T ) 2 , the Onsager matrix Eq. (2) is extended into
where [50] 
2 ) (dω/2π)GF 2 coth(β ω/2), and
. In analogy to the Fano factor of the noise (i.e. noise-to-current ratio) for electron transport [7] , we identify the ratio of the spin noise to the spin current with the magnonic spin-Fano factor, and refer to F s (∆T ) ≡ S m (∆B = 0)/I m (∆B = 0) as the thermally-induced magnonic spin-Fano factor. In the magnonic shot noise regime, the thermal noise S 0 m is negligibly small and it becomes
where the effective g-factor and the Bohr magneton are introduced and defined as the product gµ B | eff being gµ B | eff = gµ B in general. However, in the lowtemperature limit 0 = k B T ≪ gµ B B, the ratio of the nonlinear response S 13 /L 13 reduces to the same value gµ B with the one in the linear response regime;
Thus in the low-temperature limit of the magnonic shot noise regime, ∆T /T ≫ 2k B T /gµ B B (e.g. T = 10mK, ∆T = 1mK, B = 0.5T), the magnonic spin-Fano factor exhibits the universal behavior even beyond the linear response regime, F s (∆T ) = gµ B | eff → = gµ B , being independent of any material parameters except the g-factor which is material specific. Note that from Eqs. (1a) and (1b) we obtain S m /I m → = gµ B in the regime and see that the universal behavior of the magnonic spin-Fano factor holds in any orders of ∆T .
Toward measurement.− Spin currents and magnetic fluctuations can be measured by using the ISHE [21-23, 36, 37] and the muon spin rotation and relaxation (µSR) [59, 60] , respectively. Ref. [16] reported measurements of a spin current noise as the ISHE-induced voltage noise. Making use of those measurement techniques and Nitrogen-vacancy (NV) center [61, 62] , etc., while being challenging, it will be interesting to test our theoretical predictions experimentally.
Conclusion.− We have established the Onsager relations between the magnonic currents and the zerofrequency noise, and have studied the mutual relations among magnetic momentum, heat, and fluctuations of propagating magnons in the ferromagnetic insulating junction. Using the Onsager relations, we have derived the Wiedemann-Franz law for the magnonic thermal noise and the one for the magnonic shot noise, and have discovered the universal behavior of the noise, i.e., being independent of material parameters except the g-factor. Moreover, we showed that the magnonic spin-Fano factor reduces to the universal value in the low-temperature limit and it remains valid even beyond the linear response regime. We hope our work serves as a bridge between magnon-based spintronics and mesoscopic physics, and provides a new direction in the field of magnonics. In this supplemental material, we provide some details on the Onsager coefficients for the magnonic current and the noise.
Magnonic current and noise
Using the Schwinger-Keldysh formalism (i.e., the nonequilibrium Green's function method) [44] [45] [46] [47] [48] [49] and treating the tunneling Hamiltonian H ex perturbatively, the magnonic spin (heat) current I m(Q) and the noise S m(Q) can be evaluated up to O(J 2 ex );
R,k ′ ,ω are the bosonic lesser (greater) Green's functions of magnons for the left and right FIs, respectively. Those bosonic Green's functions are rewritten as G < = 2in(ω)ImG r and G > = 2i[1 + n(ω)]ImG r , where G r denotes the retarded Green's function and n(ω) = (e β ω − 1)
Thus we obtain Eqs. (1a)-(1d) in the main text.
Onsager matrix element
In the presence of an applied strong magnetic field B L(R) , assuming the Zeeman term gµ B B L(R) and expanding ∆n(ω) within the linear response regime in respect to ∆B and ∆T , i.e. ∆n(ω) = −βgµ B F 0 (ω)∆B + (β/T )F 1 (ω)∆T , from Eqs. (1a)-(1d) we obtain the Onsager coefficients Eqs. (3a)-(3e) in the main text.
While being temperature-independent, ImG 
| BR=B . Note that due to the G ′ R -term, which arise from the F 0 -term in Eqs.
(1b) and (1d), the ratios S 11 /L 11 and S 21 /T L 22 do not reduce to the value gµ B even in the low-temperature limit.
However, in the magnonic shot noise regime 2F 0 (ω) ≪ coth(β ω/2) | ∆n(ω) |, the G ′ R -term vanishes and those become S 11 = β(gµ B ) 3 (dω/2π)GF 0 coth(β ω/2), S 21 = βgµ B (dω/2π)GF 2 coth(β ω/2), and finally, each coefficient reduces to S 11 /L 11 Focusing on a larger temperature difference ∆T (i.e. gµ B | ∆B |≪ k B | ∆T |) and thereby expanding ∆n(ω) again but up to O (∆T ) 
In the low-temperature limit 0 = k B T ≪ gµ B B, the coefficients for the nonlinear responses, except S 23 , are described by those for the linear responses;
The coefficients L 13 and S 13 are seen to be characterized by the thermal noise S 0 Q , and those can be rewritten in terms of the thermal conductance K by Eq. (11) .
Lastly, we remark that in the main text we have considered the exchange interaction J ex which conserves the magnetic momentum, and have calculated the tunneling current and the noise as a function of J ex [Eqs. 
